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Abstract
Correlation analysis is a tool commonly used to obtain information about the dynamics of
biofilaments such as actin and microtubules in cells. This approach is particularly useful
when individual identification of filaments is difficult in vivo. The goal of this project is to
develop a coarse-grained model of dynamic actin filaments using Brownian dynamics simu-
lations, and to validate correlation analysis as a viable technique to measure the dynamics,
and determine its range of applicability. Particular focus is on the dependence on the density
of filaments, as well as polymerization and depolymerization.
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Chapter 1
Introduction
Actin filaments are dynamic structures in cells that play an important role in providing
rigidity and mobility. However, their rapid dynamics make them very difficult to image using
fluorescence microscopy. One way of analyzing actin dynamics is fluorescence correlation
analysis [1, 2]. We would like to determine whether this approach is a viable method to
measure actin dynamics, but in order to do this we must develop a physical model of actin
dynamics. Using this model, we can perform correlation analysis on actin filaments with
known dynamics and determine whether using correlation analysis reliably quantifies the
properties of the filaments we are simulating.
1.1 Actin Filaments
Actin filaments are found in almost all eukaryotic cells, and play an important role in pro-
viding structure and mobility. They form the contractile ring and separate cells during cell
division, and myosin motors use actin filaments as tracks to transport vesicles throughout
the cell. In mobile cells, actin forms a network of filaments that provide a cell its shape and
allow it to move.
An actin filament is composed of two protofilaments wrapped around each other in a
double helix, and each protofilament is a chain of actin monomers that are single proteins.
The diameter of actin filaments is about 7 nm. The filament is relatively flexible, and bends
frequently inside the cell. This contributes to the difficulty of imaging actin in vivo [3].
Actin is also a dynamic structure which undergoes polymerization. This means that the
actin monomers are constantly being added to and removed from each end of the protein [3].
Figure 1.1: A diagram of the structure of actin. Monomers, shown here as circles, join
together into protofilaments. Two protofilaments wrap around each other to form actin. [4]
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1.2 Fluorescence Correlation Analysis
Fluorescence correlation analysis is a method used for analyzing filament dynamics, either in
vivo or in vitro. In this approach, filaments of interest are labeled with fluorescent proteins
such as GFP, and imaged using a fast microscope. The images obtained are then analyzed
using a correlation function [1, 2].
6 μm
Figure 1.2: An image of actin filaments in a moss cell, labeled with the fluorescent probe
Lifeact [1].
Given two images that represent the locations of the actin filaments during consecutive
time steps, we can quantitatively measure how similar they are, using correlation analysis.
Degree of correlation is quantified with the correlation coefficient, r, between the two frames,
and is given by
r =
∑
m
∑
n
(
Amn − A¯
) (
Bmn − B¯
)
√(∑
m
∑
n
(
Amn − A¯
)2)(∑
m
∑
n
(
Bmn − B¯
)2) , (1.1)
where A and B are the matrices corresponding to the images. For each pixel (m,n) in the
first frame A and the second frame B, we subtract the average value of all pixels A¯ or B¯,
multiply the pixels together, and normalize the result. The higher the correlation between
two frames, the more similar they are [5].
1.3 Summary
In order to determine the effectiveness of correlation analysis, our goal is to develop a model
of known actin filaments that accurately simulates their dynamics. This can be done by
incorporating Brownian motion, along with a model of actin polymerization, and create
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frames of simulated filaments. We will then use model convolution to make those frames
similar to experimental frames. These will be discussed in Chapter 2. Using these techniques,
we can create a model of actin dynamics, perform simulations for a range of parameters, and
use correlation analysis. In Chapter 3, we will present these simulation results. We will end
this report with conclusions and future directions in Chapter 4.
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Chapter 2
Simulation of Filament Dynamics
The dynamics of actin filaments are dominated by the small, random motions of the sur-
rounding fluid. These thermal agitations give rise to Brownian motion, and hence our sim-
ulations of actin must take Brownian motion into account in order to accurately model its
dynamics [6]. In addition, actin filaments grow and shrink with known rates, which compli-
cates the interpretation of experimental results. In this chapter, we will develop an accurate
physical model of actin, incorporating these affects, as well as the properties of the imaging
system.
2.1 Equations of Motion
A particle suspended in a fluid is subject to many forces such as external, internal, and
Brownian forces. External forces are those which act on the particle from the outside. In-
ternal forces are those due to internal degrees of freedom of the particle, such as bending
forces. Finally, the random motion of the molecules of the surrounding fluid, and the col-
lisions between these molecules and the object of interest, result in friction and Brownian
forces. These forces all contribute to the total net force of the particle,
Ftotal =
∑
Fext +
∑
Fint + Ffriction + FB , (2.1)
where FB is the force due to Brownian motion on the particle. Similarly, the net torque on
the object is given by
Γtotal =
∑
Γext +
∑
Γint + Γfriction + ΓB . (2.2)
In this study, we are only concerned with the Brownian motion of a particle experienc-
ing no external forces. In addition, for simplicity, we will be modeling actin filaments as
inextensible rigid rods, ignoring bending and stretching energies. Therefore, there will be no
contribution from internal forces. These simplify Eq. (2.1) to
Ftotal = Ffriction + FB . (2.3)
Due to the small scale of the actin filament, the Reynolds number is very small. The
Reynolds number is a measure of the ratio between inertial and viscous forces in a fluid.
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Re ≡ vL/ν, where v is the characteristic velocity of the object, L is the characteristic
length, and ν is the kinematic viscosity of the fluid. Because L and v are relatively low and
ν is relatively high, the Reynolds number is small. This means inertial effects are negligible
compared to viscous effects [7].
The acceleration in the fluid, therefore, is approximately zero. Solving Newton’s second
law of motion with zero acceleration then yields
Ffriction + FB = 0 . (2.4)
Let us assume that the force of friction is proportional to the negative of the velocity
with which the particle is moving, and the proportionality constant is ζ, namely,
Ffriction = −ζv . (2.5)
Rewriting Eq. (2.4) using this definition of friction yields
FB = ζv . (2.6)
In order to solve the equations of motion, we need to discretize them. Using the definition
of velocity, we can write
FB = ζ
dr
dt
= ζ lim
∆t→0
r(t+ ∆t)− r(t)
∆t
. (2.7)
Solving this for r(t+ ∆t) gives us
r(t+ ∆t) = r(t) +
∆t
ζ
FB . (2.8)
Eq. (2.8) can also be written in component form for each direction xˆ, yˆ, zˆ
x(t+ ∆t) = x(t) +
∆t
ζx
FB,x , (2.9)
y(t+ ∆t) = y(t) +
∆t
ζy
FB,y , (2.10)
z(t+ ∆t) = z(t) +
∆t
ζz
FB,z . (2.11)
These describe the position of the particle at a given time step t+ ∆t given its position
at t. Similarly, we can obtain the equation of motion for the rotation of the object using Eq.
(2.2), i.e.
θ(t+ ∆t) = θ(t) +
∆t
ζθ
FB,θ . (2.12)
In these equations, ζx, ζy, and ζz are the friction coefficients in each direction in the frame
of the rod and ζθ is the rotational friction coefficient. In the following sections, we will restrict
our simulation to two dimensions, neglecting the z-component in all of our equations.
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2.1.1 The Distribution of the Brownian Force
The form of the Brownian force is a random number that follows a Gaussian distribution
with the following constraints [6] for each component i = x, y, z,
〈FBi (t)〉 = 0 , (2.13)
〈FBi (t)FBj (t′)〉 = 2kBTζiδijδ(t− t′) . (2.14)
In the discrete limit, Eq. (2.14) reduces to
〈FBi FBj 〉 =
2kBTζi
∆t
δij . (2.15)
Gaussian Distribution
For a force which is Gaussian, the following is true for each component i = x, y, z
〈Fi〉 = 1√
2piσ2
∫ ∞
∞
Fi exp
(−(Fi − µ)2
2σ2
)
dFi . (2.16)
Solving this Gaussian integral we get
〈Fi〉 = µ . (2.17)
Since this is equal to zero, then µ must be zero. We also know that
〈F 2i 〉 =
1√
2piσ2
∫ ∞
∞
F 2i exp
(−F 2i
2σ2
)
dFi . (2.18)
Integrating Eq. (2.18) yields
< F 2i >= σ
2 , (2.19)
which should be equal to Eq. (2.15). Solving for σ we get
σ =
√
2kBTζ
∆t
. (2.20)
Therefore, we can use Gaussian numbers with mean µ = 0 and standard deviation σ =√
2kBTζ/∆t to mimic Brownian motion. However, creating Gaussian random numbers is
computationally more expensive than creating uniform random numbers. For this reason,
we need to determine what uniform distribution will satisfy Eqs. (2.13) and (2.14).
An Equivalent Uniform Distribution
Equation (2.13) is easily satisfied by making the uniform distribution centered around zero.
This means our uniform distribution must create random numbers from -A to A, for some
constant A. For Eq. (2.15) to be satisfied, the following must be true for each component i
< F 2i >=
∫ A
−A
F 2i P (Fi) dFi, P (Fi) =
{
1
2A
, −A ≤ Fi ≤ A
0, else
. (2.21)
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We can solve this in terms of A, giving
< F 2i >=
∫ A
−A
F 2i
1
2A
dFi =
1
2A
[
F 3i
3
]A
−A
=
A2
3
. (2.22)
This must be equal to Eq. (2.15), hence
A =
√
6kBTζ
∆t
. (2.23)
In order to make computations simpler, we will define a uniform random number β such
that β ∈ [0, 1].
The ith component of the random force would then be given by
FBi = (2β − 1)
√
6kBTζ
∆t
. (2.24)
Our final result for the equations of motion for a Brownian particle is then
x(t+ ∆t) = x(t) +
∆t
ζx
(2β − 1)
√
6kBTζx
∆t
, (2.25)
y(t+ ∆t) = y(t) +
∆t
ζy
(2β − 1)
√
6kBTζy
∆t
, (2.26)
θ(t+ ∆t) = θ(t) +
∆t
ζθ
(2β − 1)
√
6kBTζθ
∆t
. (2.27)
For a rod-shaped object such as a filament, the coefficient of friction ζ in the equations
above depends on the orientation of the rod. These coefficients are
ζx =
2piηL
ln(2h/r)
,
ζy = 2ζx ,
ζθ =
1
12
ζyL
2 .
where η is the shear viscosity of the fluid, L is the length of the rod, and r is the radius of
the rod, and h is the distance from the surface [8, 9].
2.1.2 Equations of Motion in the Lab Frame
The friction coefficients given above are defined in the reference frame of the filament. How-
ever, the rotation of the filament with respect to the lab frame means that the Brownian
forces are not always along the axes of the lab frame, and we need a set of relations that
will allow us to write orientation in one frame in the other. This can be accomplished using
rotation matrices.
Let x′, y′ be coordinates in our reference frame, and let x, y be in the frame of the filament.
The point in space we will be considering is P in Figure 2.1. Consider the triangle between
12
xy
x'
y'
P
A
B
C
θ
θ
Figure 2.1: A diagram showing the relationship between the filament frame, denoted by the
unprimed coordinate system, and the lab frame denoted by the primed coordinate system.
For a point P, we can create a rotation matrix that translates between its coordinates in
both frames.
the x′ and x axes, whose third side is formed by dropping a perpendicular from P to the
x′-axis. We will call the hypotenuse of this triangle, which lies along x, A. Then, by the
Pythagorean Theorem, x′ = A cos θ and the side of the triangle parallel to the y′-axis is
A sin θ.
A2 = x2 + A2 sin2 θ . (2.28)
This can be rearranged into
A =
x
cos θ
. (2.29)
If we drop a perpendicular from P to the x axis, the triangle formed between both per-
pendiculars and the x′ axis is similar to the previous triangle. The angle between both
perpendiculars is θ, and we will define the side opposite θ to be B. The side of this triangle
lying along the longer perpendicular we will call C. We see that C = y′ − A sin θ. By Eq.
(2.29) this becomes
C = y′ − x′ tan θ . (2.30)
Using this result, we can solve for y in terms of x′ and y′
y = (y′ − x′ tan θ) cos θ = y′ cos θ − x′ sin θ . (2.31)
B is equal to C sin θ, or
B = (y′ − x′ tan θ) sin θ . (2.32)
We can now solve for x if we realize that it is the sum of A and B, i.e.,
x =
x′
cos θ
+ (y′ − x′ tan θ) sin θ = x′ cos θ + y′ sin θ . (2.33)
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Therefore, in matrix notation, the unprimed coordinate system can be represented in terms
of the primed system as follows;(
x
y
)
=
(
cos θ sin θ
− sin θ cos θ
)(
x′
y′
)
. (2.34)
Similarly, we can represent the primed frame in terms of the unprimed frame using the
inverse of this matrix, (
x′
y′
)
=
(
cos θ − sin θ
sin θ cos θ
)(
x
y
)
. (2.35)
These transformations will allow us to convert forces into either reference frame. Since
the equations for the Brownian forces describe only forces parallel and perpendicular to the
filament, the forces in the lab frame of reference will have components in both the x′ and
y′ axes. The parallel component of the Brownian force is along the x-axis of the unprimed
reference frame, and the perpendicular component is along the y-axis of the unprimed frame.
Since the angle is defined by the angular difference between both reference frames, it is the
same in the lab frame and the filament frame. Using these transformations, these directions
in the lab frame become
x′ = x cos θ − y sin θ ,
y′ = x sin θ + y cos θ ,
θ′ = θ .
Finally, we can combine these equations with Eqs. (2.24)-(2.26) to get the equations for
the Brownian dynamics of the particle in the lab frame as follows
x′(t+ ∆t) = x(t) cos θ − y(t) sin θ + ∆t
√
6kBT
∆t
(
(2βx − 1)cos θ√
ζx
− (2βy − 1)sin θ√
ζy
)
,
y′(t+ ∆t) = x(t) sin θ + y(t) cos θ + ∆t
√
6kBT
∆t
(
(2βx − 1)sin θ√
ζx
+ (2βy − 1)cos θ√
ζy
)
,
θ(t+ ∆t) = θ(t) + ∆t(2β − 1)
√
6kBT
∆tζθ
. (2.36)
2.1.3 Mean Squared Displacement
A filament undergoing Brownian motion is a special case of a system that obeys the diffusion
equation. In one dimension the diffusion equation is given by
∂c
∂t
= D
∂2c
∂x2
, (2.37)
where c = c(x, t) is some concentration field and D is the diffusion coefficient [6].
If we begin our particle at some definite location, then at t = 0 the concentration c is
described by a delta function δ(x). A general function which satisfies the equation with this
initial condition is a Gaussian of the form
c(x, t) =
N√
4piDt
exp
(
x2
4Dt
)
, (2.38)
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where N is the number of particles. On the other hand, the mean squared displacement of
the particles can be calculated by the following equation
〈x2〉 =
∫∞
−∞ x
2c(x, t)dx∫∞
−∞ c(x, t)dx
. (2.39)
The integral of the concentration field over all space is just the number of particles N , so we
can rewrite this as
〈x2〉 = 1
N
∫ ∞
−∞
x2c(x, t)dx . (2.40)
Substituting our expression for c(x, t) from Eq. (2.38) yields
〈x2〉 = 1√
4piDt
∫ ∞
−∞
x2 exp
(−x2
4Dt
)
dx . (2.41)
This can be integrated easily using the following identity∫ ∞
−∞
e−αx
2
dx =
√
pi
2α
3
2
. (2.42)
After integrating, we are left with the following relation,
〈x2〉 = 2Dt , (2.43)
which states that mean-squared displacement scales linearly in time. This equation is obeyed
for each axis in the frame of the filament. In order to determine if the simulation is accurate,
we need to make sure the mean squared displacement of the simulation data agrees with this
formula.
2.2 Polymerization Dynamics
While the actin filaments are undergoing Brownian motion, they are also changing their
length by the addition and subtraction of monomers. This is a dynamic process that depends
k−b
k+b
k−p
k+p
Barbed EndPointed End
Figure 2.2: Actin is a polymer made of units called monomers. The addition and removal of
monomers from both ends are shown here. kp+ and k
p
− are the on and off rates of the pointed
end, and kb+ and k
b
− are the on and off rates of the barbed end.
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ATP-Actin ADP-Actin
Barbed Pointed Barbed Pointed
k+ (µM
−1s−1) 11.6 1.3 3.8 0.16
k− (s−1) 1.4 0.8 7.2 0.27
Table 2.1: The rate constants for the attachment and detachment of actin monomers from
the barbed and pointed ends of the filament, as measured by Thomas Pollard [11].
on the monomer concentration in the surrounding fluid, as well as the nucleotide state of the
monomer [10].
Monomers continually attach and detach from both ends of an actin filament. The rate at
which they detach is independent of the monomer concentration in the surrounding fluid, but
the rate at which they attach is proportional to the concentration. The rates of detachment
at the barbed and pointed ends are denoted by kb− and k
p
−, respectively, and are in units of
inverse time. The rates of attachment, kb+ and k
p
+, are dependent on the concentration and
thus are in units of inverse time per concentration [10]. The nucleotide state of the monomer,
whether it is in ATP state or ADP state, also affects the rates of polymerization. These rate
constants have been measured experimentally and are given in Table 2.1. However, in our
model we will neglect the ADP states in order to avoid the complexity of modeling ATP-ADP
hydrolysis.
Using these constants, we can determine the length of a filament after a discrete time
step. For each of the four possibilities of addition and subtraction of a monomer from each
side, we generate a random number between zero and one, and if it is less than the rate
constant for that reaction then a monomer is added or subtracted. When a monomer is
added we deplete the background concentration, and when a monomer is subtracted the
background concentration increases.
The pseudocode for the polymerization dynamics is given as follows. Note that b is a
uniform random number between 0 and 1.
for each time step
if b < barbed on rate * time step * concentration
increase length
decrease concentration
if b < barbed off rate * time step
decrease length
increase concentration
if b < pointed on rate * time step * concentration
increase length
decrease concentration
if b < pointed off rate * time step
decrease length
increase concentration
It is possible for this system of monomer addition and subtraction to achieve a steady
state. During steady state, the length of the filament and the background concentration of
16
monomer do not change. This means that monomers are being added and subtracted at the
same rate, i.e.
c∗kp+ + c
∗kb+ = k
p
− + k
b
− , (2.44)
c∗ =
kp− + k
b
−
kp+ + k
b
+
, (2.45)
where c∗ is called the critical concentration and the superscripts above the rate constants
are for the pointed and barbed rates [10]. Using the rate constants for ATP-Actin, we can
determine that the filament length will be at steady state when the background concentra-
tion is approximately 0.17 µM . This steady-state behavior is called treadmilling, because
monomers are constantly added to one end and removed from the other.
2.3 Model Convolution Microscopy
Model convolution microscopy is a method used to simulate the process of imaging small
objects under a microscope. Our model for the dynamics of actin filaments produces very
precise data for the locations of the filaments, with no uncertainty. This is not comparable to
actin imaged using fluorescence microscopy, where the point spread function of light creates
blurry, uncertain data for the position of the filaments [12]. In order to make our data more
realistic for performing correlation analysis, we need to simulate the diffusion of light using
an approach called model convolution micrsoscopy [13, 14, 15].
In this approach, first, the positions of the actin filament during a single time step are
used to create an image of the filaments. The pixels which coincide with the filament are
set to white, while the rest of the image is set to black. This creates an image of white
filaments on a black background, mimicking filaments labeled with some fluorescent protein.
An example is shown in part A of Figure 2.3. However, this image is too precise, and we
need to recreate the diffraction of light around the filament [12].
The equation for the point spread function intensity of light is given by
I =
∣∣∣∣2J1(ρ)ρ
∣∣∣∣2 , (2.46)
where ρ = 2piNA
λ
r. NA is the numerical aperture of the microscope, r is the radial distance
from the origin, and λ is the wavelength of light. J1 is a Bessel function of the first kind
which can be calculated using an infinite series given by
J1(x) =
∞∑
m=0
(−1)m
m!Γ(m+ 1)
(x
2
)2m
. (2.47)
Here, Γ is the Gamma function. The result is an intensity curve which drops off quickly
away from the original point. A sample point spread function is shown in Figure 2.4.
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C
Figure 2.3: A diagram explaining the process of model convolution on a filament. First, the
line is pixelated. This is shown in part A. Part B shows the filament after applying the point
spread function. Finally, C shows the filament after noise has been added.
Figure 2.4: The point spread function of light is shown in the graph. A visualization of the
point spread function over a single bright point is shown in the top right.
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The image is convolved using the point spread function, producing a new image in which
the light appears to bleed out from the filament, reproducing the diffractive pattern that
would be observed under an actual microscope. The result for a single filament is shown in
part B of Figure 2.3.
After the image has been convolved with the point spread function, it is still too clean
to accurately reflect what would be observed in an actual microscope. Noise is present
under real life conditions, and so it must be added to the image whose mean and standard
deviation are similar to experimental results. Using Figure 1.2 as a reference, we determined
that the mean of the noise is 0.0472 times the highest value in the image, and the standard
deviation is 0.0436 times the highest value. The resulting image is shown in part C of Figure
2.3 [12]. With the addition of noise, the simulated actin filaments are similar enough to
experimentally observed filaments.
2.3.1 Summary
In this chapter, we created a model of actin that accurately reflects real actin dynamics.
At each time step, we can determine the new position and orientation of the filament using
Eqs. (2.36). We can also change the length of the filament at each time step using the
polymerization algorithm described in Section 2.2.
After creating images of the filament for each frame, we can run model convolution on
the images to simulate the diffraction of light under a microscope, and we can apply noise
using the appropriate mean and standard deviation. The final result is a series of images
that resemble experimentally obtained images, and on which correlation analysis can be
performed. The pseudocode for this process is given in the Appendix.
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Chapter 3
Results
3.1 Mean Squared Displacement
In the reference frame of the filament, the mean squared displacement in each direction,
parallel to the filament and perpendicular, are both linearly proportional to their respective
diffusion coefficients by Eq. (2.43). The mean squared displacement of the angle in the lab
frame is also linearly proportional to the angular diffusion coefficient. In order to test whether
or not the simulation works correctly, we plotted the observed mean squared displacement
against our theory for each direction. The results are shown in Figures 3.1 and 3.2. The
data fits very well to the theoretical line. This shows that our simulation does produce the
correct Brownian dynamics.
Figure 3.1: Results for the mean squared displacement in the x direction of the frame of the
filament. The black line shows our simulated data and the red line shows the theoretical
predictions.
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Figure 3.2: Results for the mean squared displacement in the y direction of the frame of the
filament. The second plot shows the mean squared angular displacement. The black lines
show our simulated data, and the red line shows the theoretical predictions.
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3.2 Polymerization Dynamics
Figure 3.3: Simulation of polymerization of actin filaments. The black line shows the length
of the filament, and the blue line shows the concentration of monomers. The red line shows
the theoretical critical concentration of approximately 0.17 µM .
We ran our polymerization code for a duration of one hour using the on- and off-rates given
in Table 2.1, with a starting concentration of 3.4 µM . The results are shown in Figure
3.3. The polymerization algorithm does produce the dynamics we would expect from actin
undergoing polymerization with known ATP rates. The filament begins to treadmill at about
40 minutes into the simulation, and the concentration falls to near the theoretical value of
about 0.17 µM .
3.2.1 Results from Correlation Analysis
Typical images after convolution are shown in Figure 3.4. Each simulation ran for 60 time
steps, and each time step was 1 millisecond. The results of correlation analysis on different
parameters of the simulation, filament length and number of filaments, are shown in Figures
3.5 through 3.9.
The most noticeable feature of all these plots is the decrease in correlation over each
time step. This is due to the filaments moving out of their original position, and therefore
becoming less and less correlated with the original frame. In Figures 3.5 through 3.7, we see
that the correlation increases as the length of the filaments increases. There are multiple
reasons for this. First, longer filaments have higher friction coefficients. This means they
do not move as much as shorter filaments, and are more likely to be in the same spot from
frame to frame. This yields higher correlation values. Second, the longer filaments take up
more room in the image. This leaves less room for the noise, and so the signal-to-noise ratio
is higher.
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Figure 3.4: Simulated actin filaments during a single time step of the simulation, after model
convolution has been applied. The figure on the left shows ten 5µm filaments, and to the
right a hundred 5µm filaments are shown.
We can also see in Figures 3.5 through 3.7 that the number of filaments influences how
smoothly the correlation decays. For one 1µm filament and for one 10µm filament, the
correlation rapidly decays and then begins to fluctuate. In Figures 3.8 through 3.10, we
observe that the length of the filaments seems to be the most important factor. Our results
also suggest that the noise present in the simulation plays a large role in determining the
correlation, especially when there are few filaments or when the filaments are relatively short.
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Figure 3.5: The correlation coefficients for simulations of 1µm filaments. Data for N =
1, 10, 50 and 100 filaments are shown.
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Figure 3.6: The correlation coefficients for simulations of 5µm filaments. Data for N = 1, 10,
and 100 filaments are shown.
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Figure 3.7: The correlation coefficients for simulations of 10µm filaments. Data forN = 1, 10,
and 100 filaments are shown.
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Figure 3.8: The correlation coefficients for simulations in which there is one filament. Fila-
ment lengths of 1µm, 5µm, and 10µm are shown.
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Figure 3.9: The correlation coefficients for simulations in which there are ten filaments.
Filament lengths of 1µm, 5µm, and 10µm are shown.
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Figure 3.10: The correlation coefficients for simulations in which there are 100 filaments.
Filament lengths of 1µm, 5µm, and 10µm are shown.
3.2.2 Effect of Polymerization
On the timescales we are using in this simulation, the rate constants given in Table 2.1 do
not produce noticeable changes in the length of the filament. Figure 3.11 shows filaments
undergoing polymerization, and the change in length after 60 milliseconds is negligible. In
order for the filaments to change their length on time scales which we can detect, we ran the
simulation with rate constants one thousand times larger than normal. The results are shown
in Figure 3.12, and the polymerization is fast enough to be noticeable after 60 milliseconds.
A comparison between the correlations of filaments undergoing no polymerization, real-
istic polymerization, and fast polymerization is shown in Figure 3.13. The correlation does
not appear to vary with polymerization rates. This suggests that correlation analysis may
not be able to detect polymerization of actin filaments.
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Figure 3.11: On the left is a picture of ten 5µm filaments at the start of a simulation, and
on the right are the same filaments after 60 milliseconds, after undergoing polymerization
using the rates given in Table 2.1. The increase in length of the filaments is negligible.
Figure 3.12: On the left is a picture of ten 5µm filaments at the start of a simulation, and
on the right are the same filaments after 60 milliseconds, after undergoing polymerization at
one thousand times the rates given in Table 2.1. The increase in length of the filaments is
noticeable at such high rates.
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Figure 3.13: A comparison of correlation coefficients of polymerizing and non-polymerizing
actin filaments. For 10, 5µm filaments, this plot shows the correlation when there is no
polymerization, when the filaments are polymerizing at the rates given in Table 2.1, and
when the rates are 1000 times higher than those given in Table 2.1.
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Chapter 4
Conclusions and Future Directions
Using the physics of Brownian motion and a simplified model of polymerization, we were
able to create a simulation of actin filaments that behaves similarly to actin in the real
world. By applying model convolution microscopy to our resulting data, we created images
of the filaments that mimic what would be seen under a microscope. This allows us to use
correlation analysis on our simulation and compare the results to experiments.
In order to test the model, we have to determine that the simulation accurately represents
the dynamics of actin filaments. The mean squared displacement of the simulated data in
the frame of the filament accurately approximated the theoretical value. The model also
accurately reproduced the dynamics of treadmilling, and the concentration of monomers fell
to the critical concentration determined from the rate constants.
By simulating many different filament lengths and densities, we were able to determine
how these parameters affect correlation analysis. Longer filaments increased the correlation
values. This is because longer filaments have higher friction coefficients, and thus move less
over time. Since they tend to remain in the same areas at each time step, the correlation
from one frame to the next is higher than shorter filaments, which move more in the same
amount of time. The number of filaments in the simulation does not appear to impact the
correlation decay rates.
There are many directions in which this project could be expanded. Our model of actin
polymerization neglects ADP rates and ATP-ADP hydrolysis. In the future, these could be
added to the model to make it more realistic. We have also neglected the flexibility of actin.
Our simulation models filaments as rigid rods. In reality, actin is capable of bending, and the
addition of bending and internal forces would be a major improvement on the model. Actin
is also capable of forming bundles with other filaments, and actin bundling is a phenomenon
that could be explored in the future.
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Appendix A
Actin Dynamics Pseudo-code
initialize xCoordinate, yCoordinate, thetaCoordinate to a random location
initialize friction coefficients using starting length
uniform() = a uniform random number between 0 and 1
for each time step
betaParallel = 2*uniform()-1
betaPerpendicular = 2*uniform()-1
betaTheta = 2*uniform()-1
//BROWNIAN MOTION
xCoordinate += sqrt(6*k*T*time step) *
(betaParallel*cos(thetaCoordinate)/sqrt(zetaParallel) -
betaPerpendicular*sin(thetaCoordinate)/sqrt(zetaPerpendicular));
yCoordinate += sqrt(6*k*T*time step) *
(betaParallel*sin(thetaCoordinate)/sqrt(zetaParallel) +
betaPerpendicular*cos(thetaCoordinate)/sqrt(zetaPerpendicular));
thetaCoordinate += betaTheta * sqrt(6*k*T*time step)
//POLYMERIZATION
if uniform() <= barbedOffRate
decrease filament length, increase concentration
if uniform() <= barbedOnRate
increase filament length, decrease concentration
if uniform() <= pointedOffRate
decrease filament length, increase concentration
if uniform() <= pointedOnRate
increase filament length, decrease concentration
end
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